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TL;DR

2

▪ Low-Rank Adaptation (LoRA) methods often fail to faithfully mimic full-

parameter fine-tuning, causing LoRA-adapted foundation models to

converge to suboptimal solutions.

▪ LoRA-Pro attributes this gap to the way gradients are computed and

proposes a principled correction of the LoRA gradients.



1. Introduction

2. Problem Formulation

3. Method

4. Summary

Contents

3



1. Introduction

▪ Low-Rank Adaptation (ICLR 2022)

2. Problem Formulation

3. Method

4. Summary

Contents

4



Full Fine-Tuning Vs. Low-Rank Adaptation (LoRA)

5

▪ Assume a pre-trained weight matrix 𝑊0 ∈ ℝ
𝑚×𝑛.

▪ Full Fine-Tuning: 𝑊 ← 𝑊 − 𝜂 ⋅ Δ𝑊

[NeurIPS 2024] PiSSA: Principal Singular Values and Singular Vectors Adaptation of Large Language Models (Meng et al.)



Full Fine-Tuning Vs. Low-Rank Adaptation (LoRA)

6

▪ Assume a pre-trained weight matrix 𝑊0 ∈ ℝ
𝑚×𝑛.

▪ LoRA: 𝑊 = 𝑊0 + Δ𝑊 = 𝑊0 +
𝛼

𝑟
⋅ 𝐵𝐴

▪ 𝐵 ∈ ℝ𝑚×𝑟, 𝐴 ∈ ℝ𝑟×𝑛 with 𝑟 ≪ min 𝑚, 𝑛

[NeurIPS 2024] PiSSA: Principal Singular Values and Singular Vectors Adaptation of Large Language Models (Meng et al.)



Low-Rank Adaptation (LoRA)
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▪ Assume a pre-trained weight matrix 𝑊0 ∈ ℝ
𝑚×𝑛.

▪ LoRA: 𝑊 = 𝑊0 + Δ𝑊 = 𝑊0 +
𝛼

𝑟
⋅ 𝐵𝐴

▪ 𝐵 ∈ ℝ𝑚×𝑟, 𝐴 ∈ ℝ𝑟×𝑛 with 𝑟 ≪ min 𝑚, 𝑛

▪ Here, 𝛼 denotes the scaling factor.

▪ In practice, when comparing different LoRA ranks 𝑟, practitioners often keep the learning

rate fixed and adjust 𝛼 instead, typically choosing it proportional to 𝑟 so that the

effective scaling
𝛼

𝑟
remains roughly constant.

▪ From now on, we denote 𝑊 = 𝑊0 + 𝑠 ⋅ 𝐵𝐴, where s ≔
𝛼

𝑟
.
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Back-propagation (Full Fine-Tuning)
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▪ Let 𝑊 ∈ ℝ𝑚×𝑛 be the (pre-trained) weight matrix.

▪ The first-order change in the loss 𝐿 is

𝑑𝐿 =
𝜕𝐿

𝜕𝑊
, 𝑑𝑊

𝐹

,

where 𝐿 𝑊 + 𝑑𝑊 ≈ 𝐿 𝑊 + 𝑑𝐿

▪ For simplicity, we omit the learning rate and consider a GD step

𝑑𝑊 = −
𝜕𝐿

𝜕𝑊
.



Back-propagation (Full Fine-Tuning)
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▪ Define 𝑔 ≔
𝜕𝐿

𝜕𝑊
. Then, we obtain

𝑑𝐿 =
𝜕𝐿

𝜕𝑊
, 𝑑𝑊

𝐹

=
𝜕𝐿

𝜕𝑊
, −

𝜕𝐿

𝜕𝑊
𝐹

= 𝑔,−𝑔 𝐹 = − 𝑔 𝐹
2 ≤ 0

since the squared Frobenius norm is always non-negative.



Back-propagation (LoRA)
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▪ We parameterize the weight as 𝑊 = 𝑊0 + 𝑠 ⋅ 𝐵𝐴.

▪ Here, 𝐵 ∈ ℝ𝑚×𝑟, 𝐴 ∈ ℝ𝑟×𝑛 with 𝑟 ≪ min 𝑚, 𝑛 .

▪ Taking differentials, we have 𝑑𝑊 = 𝑠𝐵 𝑑𝐴 + 𝑠 𝑑𝐵 𝐴.

▪ Let 𝑔 ≔
𝜕𝐿

𝜕𝑊
, then the first-order change in the loss is

𝑑𝐿 = 𝑔, 𝑑𝑊 𝐹 = 𝑔, 𝑠𝐵 𝑑𝐴 + 𝑠 𝑑𝐵 𝐴 𝐹

= 𝑠 𝑔, 𝐵 𝑑𝐴 𝐹 + 𝑠 𝑔, 𝑑𝐵 𝐴 𝐹

= 𝑠𝐵𝑇𝑔, 𝑑𝐴 𝐹 + 𝑠𝑔𝐴𝑇, 𝑑𝐵 𝐹 .



Back-propagation (LoRA)
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𝑑𝐿 = 𝑠𝐵𝑇𝑔, 𝑑𝐴 𝐹 + 𝑠𝑔𝐴𝑇, 𝑑𝐵 𝐹

▪ By the definition of gradient, we also have

𝑑𝐿 =
𝜕𝐿

𝜕𝐴
, 𝑑𝐴

𝐹

+
𝜕𝐿

𝜕𝐵
, 𝑑𝐵

𝐹

,

which implies that
𝜕𝐿

𝜕𝐴
= 𝑠𝐵𝑇𝑔 and

𝜕𝐿

𝜕𝐵
= 𝑠𝑔𝐴𝑇.

▪ These two identities will be used later, not now.



Back-propagation (LoRA)
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𝑑𝐿 = 𝑠𝐵𝑇𝑔, 𝑑𝐴 𝐹 + 𝑠𝑔𝐴𝑇, 𝑑𝐵 𝐹

▪ By the definition of gradient, we also have

𝑑𝐿 =
𝜕𝐿

𝜕𝐴
, 𝑑𝐴

𝐹

+
𝜕𝐿

𝜕𝐵
, 𝑑𝐵

𝐹

.

▪ For simplicity, we omit the learning rate and consider a GD step

𝑑𝐴 = −
𝜕𝐿

𝜕𝐴
, 𝑑𝐵 = −

𝜕𝐿

𝜕𝐵



Back-propagation (LoRA)
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▪ Define 𝑔𝐿𝑜𝑅𝐴
𝐵 ≔

𝜕𝐿

𝜕𝐵
and 𝑔𝐿𝑜𝑅𝐴

𝐴 ≔
𝜕𝐿

𝜕𝐴
. Then, we obtain

𝑑𝐿 =
𝜕𝐿

𝜕𝐴
, 𝑑𝐴

𝐹

+
𝜕𝐿

𝜕𝐵
, 𝑑𝐵

𝐹

=
𝜕𝐿

𝜕𝐴
, −

𝜕𝐿

𝜕𝐴
𝐹

+
𝜕𝐿

𝜕𝐵
, −

𝜕𝐿

𝜕𝐵
𝐹

= 𝑔𝐿𝑜𝑅𝐴
𝐴 , −𝑔𝐿𝑜𝑅𝐴

𝐴
𝐹
+ 𝑔𝐿𝑜𝑅𝐴

𝐵 , −𝑔𝐿𝑜𝑅𝐴
𝐵

𝐹

= − 𝑔𝐿𝑜𝑅𝐴
𝐴

𝐹

2
− 𝑔𝐿𝑜𝑅𝐴

𝐵
𝐹

2
≤ 0

since the squared Frobenius norm is always non-negative.



Connection between Full Fine-Tuning and LoRA

15

▪ What we’ve calculated before:

𝑔𝐿𝑜𝑅𝐴
𝐵 ≔

𝜕𝐿

𝜕𝐵
= 𝑠𝑔𝐴𝑇, 𝑔𝐿𝑜𝑅𝐴

𝐴 ≔
𝜕𝐿

𝜕𝐴
= 𝑠𝐵𝑇𝑔, 𝑔 ≔

𝜕𝐿

𝜕𝑊

𝑑𝐴 = −
𝜕𝐿

𝜕𝐴
= −𝑔𝐿𝑜𝑅𝐴

𝐴 , 𝑑𝐵 = −
𝜕𝐿

𝜕𝐵
= −𝑔𝐿𝑜𝑅𝐴

𝐵

▪ Now, again noting that 𝑊 = 𝑊0 + 𝑠 ⋅ 𝐵𝐴,

𝑑𝑊 = 𝑠𝐵 𝑑𝐴 + 𝑠 𝑑𝐵 𝐴 = 𝑠 −𝑔𝐿𝑜𝑅𝐴
𝐵 𝐴 + 𝑠𝐵 −𝑔𝐿𝑜𝑅𝐴

𝐴

= − 𝑠𝑔𝐿𝑜𝑅𝐴
𝐵 𝐴 + 𝑠𝐵𝑔𝐿𝑜𝑅𝐴

𝐴  



Connection between Full Fine-Tuning and LoRA
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𝑑𝑊 =
𝜕𝑊

𝜕𝐴
𝑑𝐴 +

𝜕𝑊

𝜕𝐵
𝑑𝐵 = − 𝑠 ⋅ 𝐵𝑔𝐴 + 𝑠 ⋅ 𝑔𝐵𝐴

▪ Changes in 𝐴 and 𝐵 are inherently linked to changes in matrix 𝑊:

▪ LoRA optimization, i.e., updating 𝐵 with 𝑔𝐵 and 𝐴 with 𝑔𝐴, respectively, is

equivalent to the full fine-tuning with ෤𝑔 ≔ 𝑠 ⋅ 𝑔𝐵𝐴 + 𝑠 ⋅ 𝐵𝑔𝐴.



Connection between Full Fine-Tuning and LoRA

17

𝑑𝑊 =
𝜕𝑊

𝜕𝐴
𝑑𝐴 +

𝜕𝑊

𝜕𝐵
𝑑𝐵 = − 𝑠 ⋅ 𝐵𝑔𝐴 + 𝑠 ⋅ 𝑔𝐵𝐴

▪ Changes in 𝐴 and 𝐵 are inherently linked to changes in matrix 𝑊:

▪ LoRA optimization, i.e., updating 𝐵 with 𝑔𝐵 and 𝐴 with 𝑔𝐴, respectively, is

equivalent to the full fine-tuning with ෤𝑔 ≔ 𝑠 ⋅ 𝑔𝐵𝐴 + 𝑠 ⋅ 𝐵𝑔𝐴.



Q) When using ෤𝑔, how much information is lost?
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▪ Note:

▪ In this Lemma, “rank” stands for the matrix rank dealt with in Linear Algebra,

not the rank 𝑟 defined for the parameter size of LoRA.

▪ The full gradient 𝑔 can have at most min 𝑚, 𝑛 ≫ 𝑟 matrix rank.

▪ Takeaways: Equivalent gradient has low rank.

at most 𝑟 at most 𝑟



Q) When using ෤𝑔, how much information is lost?
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▪ Proof) Note that for any two matrices 𝑋 and Y such that the product

and sum are well-defined, the following holds:

▪ rank 𝑋 + 𝑌 ≤ rank 𝑋 + rank 𝑌

▪ rank 𝑋𝑌 ≤ min rank 𝑋 , rank 𝑌

at most 𝑟 at most 𝑟



Q) When using ෤𝑔, how much information is lost?
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▪ Proof) Hence, using 𝑟 ≪ min 𝑚, 𝑛 , we can conclude that

rank ෤𝑔 = rank 𝑠𝑔𝐵𝐴 + 𝑠𝐵𝑔𝐴 ≤ rank 𝑔𝐵𝐴 + rank 𝐵𝑔𝐴

≤ min rank 𝑔𝐵 , rank 𝐴 + min rank 𝐵 , rank 𝑔𝐴

≤ 𝑟 + 𝑟 = 2𝑟. ∎

at most 𝑟 at most 𝑟
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Goal: To minimize ෤𝑔 − 𝑔 𝐹
2

22

▪ What LoRA is supposed to do:

▪ Update 𝑊 directly with the full gradient 𝑔, as the same with full fine-tuning.

▪ What LoRA actually does:

▪ Update 𝐵 and 𝐴 with the equivalent gradient ෤𝑔 ≔ 𝑠 ⋅ 𝑔𝐵𝐴 + 𝑠 ⋅ 𝐵𝑔𝐴, which may

lose some information contained in 𝑔. (See Lemma: rank ෤𝑔 ≤ 2𝑟.)

▪ Goal of LoRA-Pro: Treat 𝑔𝐵 and 𝑔𝐴 as design variables, so that

min
𝑔𝐴, 𝑔𝐵

෤𝑔 − 𝑔 𝐹
2 s.t. 𝑑𝐿 ≤ 0



c.f.) Calculating 𝑔𝐵 and 𝑔𝐴 ≡ Projection

23



Q) How to solve the optimization problem?

24

▪ Takeaways: There exists an optimal closed-form solution!



Proof of Theorem 2.1.
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▪ Define 𝐿 ≔ ෤𝑔 − 𝑔 𝐹
2 = 𝑠𝑔𝐵𝐴 + 𝑠𝐵𝑔𝐴 − 𝑔 𝐹

2 . Then, it suffices to check

the points where
𝜕𝐿

𝜕𝑔𝐴
= 0 and

𝜕𝐿

𝜕𝑔𝐵
= 0.

▪
𝜕𝐿

𝜕𝑔𝐴
= 2𝑠𝐵𝑇 𝑠𝐵𝑔𝐴 + 𝑠𝑔𝐵𝐴 − 𝑔

▪
𝜕𝐿

𝜕𝑔𝐵
= 2 𝑠𝐵𝑔𝐴 + 𝑠𝑔𝐵𝐴 − 𝑔 𝑠𝐴𝑇

▪ Takeaways: There exists an optimal closed-form solution!



Proof of Theorem 2.1.
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▪
𝜕𝐿

𝜕𝑔𝐴
= 2𝑠𝐵𝑇 𝑠𝐵𝑔𝐴 + 𝑠𝑔𝐵𝐴 − 𝑔 = 2𝑠 𝑠𝐵𝑇𝐵𝑔𝐴 + 𝑠𝐵𝑇𝑔𝐵𝐴 − 𝐵𝑇𝑔 = 0

▪ 𝑠𝐵𝑇𝐵𝑔𝐴 = 𝐵𝑇𝑔 − 𝑠𝐵𝑇𝑔𝐵𝐴

▪ 𝐵𝑇𝐵𝑔𝐴 =
1

𝑠
𝐵𝑇𝑔 − 𝐵𝑇𝑔𝐵𝐴

▪ ∴ 𝑔𝐴 =
1

𝑠
𝐵𝑇𝐵 −1𝐵𝑇𝑔 − 𝐵𝑇𝐵 −1𝐵𝑇𝑔𝐵𝐴

▪ Since 𝐵 is full-rank, 𝐵𝑇𝐵 is invertible.



Proof of Theorem 2.1.
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▪
𝜕𝐿

𝜕𝑔𝐵
= 2 𝑠𝐵𝑔𝐴 + 𝑠𝑔𝐵𝐴 − 𝑔 𝑠𝐴𝑇 = 2𝑠 𝑠𝐵𝑔𝐴𝐴𝑇 + 𝑠𝑔𝐵𝐴𝐴𝑇 − 𝑔𝐴𝑇 = 0

▪ 𝑠𝑔𝐵𝐴𝐴𝑇 = 𝑔𝐴𝑇 − 𝑠𝐵𝑔𝐴𝐴𝑇

▪ 𝑔𝐵𝐴𝐴𝑇 =
1

𝑠
𝑔𝐴𝑇 − 𝐵𝑔𝐴𝐴𝑇

▪ ∴ 𝑔𝐵 =
1

𝑠
𝑔𝐴𝑇 𝐴𝐴𝑇 −1 − 𝐵𝑔𝐴𝐴𝑇 𝐴𝐴𝑇 −1

▪ Since 𝐴 is full-rank, 𝐴𝐴𝑇 is invertible.



Proof of Theorem 2.1.
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▪ Define 𝐿 ≔ ෤𝑔 − 𝑔 𝐹
2 = 𝑠𝑔𝐵𝐴 + 𝑠𝐵𝑔𝐴 − 𝑔 𝐹

2 . Then, it suffices to check

the points where
𝜕𝐿

𝜕𝑔𝐴
= 0 and

𝜕𝐿

𝜕𝑔𝐵
= 0.

▪
𝜕𝐿

𝜕𝑔𝐴
= 2𝑠𝐵𝑇 𝑠𝐵𝑔𝐴 + 𝑠𝑔𝐵𝐴 − 𝑔 ⇒ 𝑔𝐴 =

1

𝑠
𝐵𝑇𝐵 −1𝐵𝑇𝑔 − 𝐵𝑇𝐵 −1𝐵𝑇𝑔𝐵𝐴

▪
𝜕𝐿

𝜕𝑔𝐵
= 2 𝑠𝐵𝑔𝐴 + 𝑠𝑔𝐵𝐴 − 𝑔 𝑠𝐴𝑇 ⇒ 𝑔𝐵 =

1

𝑠
𝑔𝐴𝑇 𝐴𝐴𝑇 −1 − 𝐵𝑔𝐴𝐴𝑇 𝐴𝐴𝑇 −1



Proof of Theorem 2.1.
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▪ Define 𝐿 ≔ ෤𝑔 − 𝑔 𝐹
2 = 𝑠𝑔𝐵𝐴 + 𝑠𝐵𝑔𝐴 − 𝑔 𝐹

2 . Then, it suffices to check

the points where
𝜕𝐿

𝜕𝑔𝐴
= 0 and

𝜕𝐿

𝜕𝑔𝐵
= 0.

▪
𝜕𝐿

𝜕𝑔𝐴
= 2𝑠𝐵𝑇 𝑠𝐵𝑔𝐴 + 𝑠𝑔𝐵𝐴 − 𝑔 ⇒ 𝑔𝐴 =

1

𝑠
𝐵𝑇𝐵 −1𝐵𝑇𝑔 − 𝐵𝑇𝐵 −1𝐵𝑇𝑔𝐵𝐴

▪
𝜕𝐿

𝜕𝑔𝐵
= 2 𝑠𝐵𝑔𝐴 + 𝑠𝑔𝐵𝐴 − 𝑔 𝑠𝐴𝑇 ⇒ 𝑔𝐵 =

1

𝑠
𝑔𝐴𝑇 𝐴𝐴𝑇 −1 − 𝐵𝑔𝐴𝐴𝑇 𝐴𝐴𝑇 −1

▪ Combining these two, we obtain

𝑔𝐴 =
1

𝑠
𝐵𝑇𝐵 −1𝐵𝑇𝑔 − 𝐵𝑇𝐵 −1𝐵𝑇

1

𝑠
𝑔𝐴𝑇 𝐴𝐴𝑇 −1 − 𝐵𝑔𝐴𝐴𝑇 𝐴𝐴𝑇 −1 𝐴

=
1

𝑠
𝐵𝑇𝐵 −1𝐵𝑇𝑔 −

1

𝑠
𝐵𝑇𝐵 −1𝐵𝑇𝑔𝐴𝑇 𝐴𝐴𝑇 −1𝐴 + 𝑔𝐴𝐴𝑇 𝐴𝐴𝑇 −1 𝐴 .



Proof of Theorem 2.1.
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𝑔𝐴 =
1

𝑠
𝐵𝑇𝐵 −1𝐵𝑇𝑔 −

1

𝑠
𝐵𝑇𝐵 −1𝐵𝑇𝑔𝐴𝑇 𝐴𝐴𝑇 −1𝐴 + 𝑔𝐴𝐴𝑇 𝐴𝐴𝑇 −1 𝐴

𝑔𝐴 − 𝑔𝐴𝐴𝑇 𝐴𝐴𝑇 −1 𝐴 =
1

𝑠
𝐵𝑇𝐵 −1𝐵𝑇𝑔 −

1

𝑠
𝐵𝑇𝐵 −1𝐵𝑇𝑔𝐴𝑇 𝐴𝐴𝑇 −1𝐴

𝑔𝐴 𝐼 − 𝐴𝑇 𝐴𝐴𝑇 −1 𝐴 =
1

𝑠
𝐵𝑇𝐵 −1𝐵𝑇𝑔 𝐼 − 𝐴𝑇 𝐴𝐴𝑇 −1 𝐴  



Proof of Theorem 2.1.
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𝑔𝐴 =
1

𝑠
𝐵𝑇𝐵 −1𝐵𝑇𝑔 −

1

𝑠
𝐵𝑇𝐵 −1𝐵𝑇𝑔𝐴𝑇 𝐴𝐴𝑇 −1𝐴 + 𝑔𝐴𝐴𝑇 𝐴𝐴𝑇 −1 𝐴

𝑔𝐴 − 𝑔𝐴𝐴𝑇 𝐴𝐴𝑇 −1 𝐴 =
1

𝑠
𝐵𝑇𝐵 −1𝐵𝑇𝑔 −

1

𝑠
𝐵𝑇𝐵 −1𝐵𝑇𝑔𝐴𝑇 𝐴𝐴𝑇 −1𝐴

𝑔𝐴 𝐼 − 𝐴𝑇 𝐴𝐴𝑇 −1 𝐴 =
1

𝑠
𝐵𝑇𝐵 −1𝐵𝑇𝑔 𝐼 − 𝐴𝑇 𝐴𝐴𝑇 −1 𝐴  
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𝑔𝐴 =
1

𝑠
𝐵𝑇𝐵 −1𝐵𝑇𝑔 −

1

𝑠
𝐵𝑇𝐵 −1𝐵𝑇𝑔𝐴𝑇 𝐴𝐴𝑇 −1𝐴 + 𝑔𝐴𝐴𝑇 𝐴𝐴𝑇 −1 𝐴

𝑔𝐴 − 𝑔𝐴𝐴𝑇 𝐴𝐴𝑇 −1 𝐴 =
1

𝑠
𝐵𝑇𝐵 −1𝐵𝑇𝑔 −

1

𝑠
𝐵𝑇𝐵 −1𝐵𝑇𝑔𝐴𝑇 𝐴𝐴𝑇 −1𝐴

𝑔𝐴 𝐼 − 𝐴𝑇 𝐴𝐴𝑇 −1 𝐴 =
1

𝑠
𝐵𝑇𝐵 −1𝐵𝑇𝑔 𝐼 − 𝐴𝑇 𝐴𝐴𝑇 −1 𝐴  

▪ Since 𝑃𝐴 ≔ 𝐼 − 𝐴𝑇 𝐴𝐴𝑇 −1𝐴 is a projection matrix with rank 𝑛 − 𝑟  and 

𝐴𝑃𝐴 = 𝑂, the general solution for this equation is

𝑔𝐴 =
1

𝑠
𝐵𝑇𝐵 −1𝐵𝑇𝑔 + 𝑋𝐴, 𝑋 ∈ ℝ𝑟×𝑟 .
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𝑔𝐴 =
1

𝑠
𝐵𝑇𝐵 −1𝐵𝑇𝑔 + 𝑋𝐴, 𝑋 ∈ ℝ𝑟×𝑟

𝑔𝐵 =
1

𝑠
𝑔𝐴𝑇 𝐴𝐴𝑇 −1 − 𝐵𝑔𝐴𝐴𝑇 𝐴𝐴𝑇 −1

=
1

𝑠
𝑔𝐴𝑇 𝐴𝐴𝑇 −1 − 𝐵

1

𝑠
𝐵𝑇𝐵 −1𝐵𝑇𝑔 + 𝑋𝐴 𝐴𝑇 𝐴𝐴𝑇 −1

=
1

𝑠
𝐼 − 𝐵 𝐵𝑇𝐵 −1𝐵𝑇 𝑔𝐴𝑇 𝐴𝐴𝑇 −1 − 𝐵𝑋𝐴𝐴𝑇 𝐴𝐴𝑇 −1

▪ Finally, substituting 𝑔𝐿𝑜𝑅𝐴
𝐵 ≔

𝜕𝐿

𝜕𝐵
= 𝑠𝑔𝐴𝑇 and 𝑔𝐿𝑜𝑅𝐴

𝐴 ≔
𝜕𝐿

𝜕𝐴
= 𝑠𝐵𝑇𝑔,

▪ 𝑔𝐴 =
1

𝑠2
𝐵𝑇𝐵 −1 𝑔𝐿𝑜𝑅𝐴

𝐴 + 𝑋𝐴

▪ 𝑔𝐵 =
1

𝑠2
𝐼 − 𝐵 𝐵𝑇𝐵 −1𝐵𝑇 𝑔𝐿𝑜𝑅𝐴

𝐵 𝐴𝐴𝑇 −1 − 𝐵𝑋 
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▪ Theorem 2.1. assumes that both 𝐵 ∈ ℝ𝑚×𝑟 and 𝐴 ∈ ℝ𝑟×𝑛 are full-rank.

▪ Moreover, the Lemma implies that if 𝑔 is not full-rank, the information

loss might not that be significant.

▪ Note: 𝐵 is initialized as 𝑂.
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▪ Takeways: The solution from LoRA-Pro guarantees 𝑑𝐿 ≤ 0! Great!



Q) How to solve the optimization problem?
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▪ First, we will show that 𝑑𝐿 is in the following form:
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▪ Note that 𝑑𝐴 = −𝛾𝑔𝐴, 𝑑𝐵 = −𝛾𝑔𝐵,
𝜕𝐿

𝜕𝐴
= 𝑔𝐿𝑜𝑅𝐴

𝐴 and
𝜕𝐿

𝜕𝐵
= 𝑔𝐿𝑜𝑅𝐴

𝐵 .

▪ Moreover, from Theorem 2.1., we’ve found the followings:

▪ 𝑔𝐴 =
1

𝑠2
𝐵𝑇𝐵 −1 𝑔𝐿𝑜𝑅𝐴

𝐴 + 𝑋𝐴

▪ 𝑔𝐵 =
1

𝑠2
𝐼 − 𝐵 𝐵𝑇𝐵 −1𝐵𝑇 𝑔𝐿𝑜𝑅𝐴

𝐵 𝐴𝐴𝑇 −1 − 𝐵𝑋

▪ By plugging 𝑔𝐴 and 𝑔𝐵 into the following equation

𝑑𝐿 =
𝜕𝐿

𝜕𝐴
, 𝑑𝐴

𝐹

+
𝜕𝐿

𝜕𝐵
, 𝑑𝐵

𝐹

= −𝛾 𝑔𝐿𝑜𝑅𝐴
𝐴 , 𝑔𝐴

𝐹
− 𝛾 𝑔𝐿𝑜𝑅𝐴

𝐵 , 𝑔𝐵
𝐹
,
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𝑑𝐿 = −𝛾 𝑔𝐿𝑜𝑅𝐴
𝐴 , 𝑔𝐴

𝐹
− 𝛾 𝑔𝐿𝑜𝑅𝐴

𝐵 , 𝑔𝐵
𝐹

= −𝛾 𝑔𝐿𝑜𝑅𝐴
𝐴 ,

1

𝑠2
𝐵𝑇𝐵 −1 𝑔𝐿𝑜𝑅𝐴

𝐴

𝐹

−𝛾 𝑔𝐿𝑜𝑅𝐴
𝐴 , 𝑋𝐴

𝐹

−𝛾 𝑔𝐿𝑜𝑅𝐴
𝐵 ,

1

𝑠2
𝐼 − 𝐵 𝐵𝑇𝐵 −1𝐵𝑇 𝑔𝐿𝑜𝑅𝐴

𝐵 𝐴𝐴𝑇 −1

𝐹

+𝛾 𝑔𝐿𝑜𝑅𝐴
𝐵 , 𝐵𝑋

𝐹
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𝑑𝐿 = −𝛾 𝑔𝐿𝑜𝑅𝐴
𝐴 , 𝑔𝐴

𝐹
− 𝛾 𝑔𝐿𝑜𝑅𝐴

𝐵 , 𝑔𝐵
𝐹

= −𝛾 𝑔𝐿𝑜𝑅𝐴
𝐴 ,

1

𝑠2
𝐵𝑇𝐵 −1 𝑔𝐿𝑜𝑅𝐴

𝐴

𝐹

−𝛾 𝑔𝐿𝑜𝑅𝐴
𝐴 , 𝑋𝐴

𝐹

−𝛾 𝑔𝐿𝑜𝑅𝐴
𝐵 ,

1

𝑠2
𝐼 − 𝐵 𝐵𝑇𝐵 −1𝐵𝑇 𝑔𝐿𝑜𝑅𝐴

𝐵 𝐴𝐴𝑇 −1

𝐹

+𝛾 𝑔𝐿𝑜𝑅𝐴
𝐵 , 𝐵𝑋

𝐹
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▪ Since

𝛾 𝑔𝐿𝑜𝑅𝐴
𝐵 , 𝐵𝑋

𝐹
− 𝛾 𝑔𝐿𝑜𝑅𝐴

𝐴 , 𝑋𝐴
𝐹
= 𝛾 𝑔𝐿𝑜𝑅𝐴

𝐵 , 𝐵𝑋
𝐹
− 𝑔𝐿𝑜𝑅𝐴

𝐴 , 𝑋𝐴
𝐹

= 𝛾 𝐵𝑇𝑔𝐿𝑜𝑅𝐴
𝐵 , 𝑋

𝐹
− 𝑔𝐿𝑜𝑅𝐴

𝐴 𝐴𝑇, 𝑋
𝐹

= 𝛾 𝐵𝑇𝑔𝐿𝑜𝑅𝐴
𝐵 − 𝑔𝐿𝑜𝑅𝐴

𝐴 𝐴𝑇, 𝑋
𝐹

= 𝛾 𝐵𝑇𝑠𝑔𝐴𝑇 − 𝑠𝐵𝑇𝑔𝐴𝑇, 𝑋 𝐹

= 𝛾𝑠 𝐵𝑇𝑔𝐴𝑇 − 𝐵𝑇𝑔𝐴𝑇, 𝑋 𝐹 = 0 ,

we can conclude that

𝑑𝐿 = −𝛾 𝑔𝐿𝑜𝑅𝐴
𝐴 ,

1

𝑠2
𝐵𝑇𝐵 −1 𝑔𝐿𝑜𝑅𝐴

𝐴

𝐹

+ 𝑔𝐿𝑜𝑅𝐴
𝐵 ,

1

𝑠2
𝐼 − 𝐵 𝐵𝑇𝐵 −1𝐵𝑇 𝑔𝐿𝑜𝑅𝐴

𝐵 𝐴𝐴𝑇 −1

𝐹

.
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𝑑𝐿 = −𝛾 𝑔𝐿𝑜𝑅𝐴
𝐴 ,

1

𝑠2
𝐵𝑇𝐵 −1 𝑔𝐿𝑜𝑅𝐴

𝐴

𝐹

+ 𝑔𝐿𝑜𝑅𝐴
𝐵 ,

1

𝑠2
𝐼 − 𝐵 𝐵𝑇𝐵 −1𝐵𝑇 𝑔𝐿𝑜𝑅𝐴

𝐵 𝐴𝐴𝑇 −1

𝐹

▪ Next, we will show that 𝑑𝐿 ≤ 0.

▪ Part 1: Both 𝐵𝑇𝐵 −1 and 𝐴𝐴𝑇 −1 are positive definite.

▪ Part 2: 𝐼 − 𝐵 𝐵𝑇𝐵 −1𝐵𝑇 is positive semi-definite.

▪ Part 3: 𝑔𝐿𝑜𝑅𝐴
𝐴 ,

1

𝑠2
𝐵𝑇𝐵 −1 𝑔𝐿𝑜𝑅𝐴

𝐴

𝐹
≥ 0

▪ Part 4: 𝑔𝐿𝑜𝑅𝐴
𝐵 ,

1

𝑠2
𝐼 − 𝐵 𝐵𝑇𝐵 −1𝐵𝑇 𝑔𝐿𝑜𝑅𝐴

𝐵 𝐴𝐴𝑇 −1

𝐹
≥ 0
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▪ Part 1: Both 𝐵𝑇𝐵 −1 and 𝐴𝐴𝑇 −1 are positive definite (PD).

▪ Consider any non-zero vector 𝑥 ∈ ℝ𝑟. Then, since 𝐵 is full-rank,

𝑥, 𝐵𝑇𝐵𝑥 = 𝐵𝑥, 𝐵𝑥 = 𝐵𝑥 2 > 0 .

▪ Since 𝐵𝑇𝐵 is PD, so is 𝐵𝑇𝐵 −1.
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▪ Part 1: Both 𝐵𝑇𝐵 −1 and 𝐴𝐴𝑇 −1 are positive definite (PD).

▪ Consider any non-zero vector 𝑥 ∈ ℝ𝑟. Then, since 𝐵 is full-rank,

𝑥, 𝐵𝑇𝐵𝑥 = 𝐵𝑥, 𝐵𝑥 = 𝐵𝑥 2 > 0 .

▪ Since 𝐵𝑇𝐵 is PD, so is 𝐵𝑇𝐵 −1.

▪ In a similar way, we can say that 𝐴𝐴𝑇 −1 is PD, because

𝑥, 𝐴𝐴𝑇𝑥 = 𝐴𝑇𝑥, 𝐴𝑇𝑥 = 𝐴𝑇𝑥 2 > 0 .
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▪ Part 2: 𝐼 − 𝐵 𝐵𝑇𝐵 −1𝐵𝑇 is positive semi-definite (PSD).

▪ Claim: 𝑃 ≔ 𝐵 𝐵𝑇𝐵 −1𝐵𝑇 is a projection matrix.

▪ [Symmetricity] 𝐵 𝐵𝑇𝐵 −1𝐵𝑇 𝑇 = 𝐵 𝐵𝑇𝐵 −1 𝑇
𝐵𝑇 = 𝐵 𝐵𝑇𝐵 −1𝐵𝑇

▪ [Idempotence] 𝐵 𝐵𝑇𝐵 −1𝐵𝑇 2 = 𝐵 𝐵𝑇𝐵 −1𝐵𝑇 𝑇𝐵 𝐵𝑇𝐵 −1𝐵𝑇

= 𝐵 𝐵𝑇𝐵 −1𝐵𝑇𝐵 𝐵𝑇𝐵 −1𝐵𝑇

= 𝐵 𝐵𝑇𝐵 −1𝐵𝑇
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▪ Part 2: 𝐼 − 𝐵 𝐵𝑇𝐵 −1𝐵𝑇 is positive semi-definite (PSD).

▪ Consider any non-zero vector 𝑥 ∈ ℝ𝑚. Then, since 𝑃𝑇 = 𝑃 and 𝑃2 = 𝑃,

𝑥, 𝐼 − 𝐵 𝐵𝑇𝐵 −1𝐵𝑇 𝑥 = 𝑥, 𝐼 − 𝑃 𝑥 = 𝑃𝑥 + 𝐼 − 𝑃 𝑥, 𝐼 − 𝑃 𝑥

= 𝑃𝑥, 𝐼 − 𝑃 𝑥 + 𝐼 − 𝑃 𝑥, 𝐼 − 𝑃 𝑥

= 𝑥𝑇𝑃𝑇 𝐼 − 𝑃 𝑥 + 𝐼 − 𝑃 𝑥 𝐹
2

= 𝑥𝑇𝑃 𝐼 − 𝑃 𝑥 + 𝐼 − 𝑃 𝑥 𝐹
2

= 𝑥𝑇 𝑃 − 𝑃2 𝑥 + 𝐼 − 𝑃 𝑥 𝐹
2

= 𝐼 − 𝑃 𝑥 𝐹
2 ≥ 0 .
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▪ Part 3: 𝑔𝐿𝑜𝑅𝐴
𝐴 ,

1

𝑠2
𝐵𝑇𝐵 −1 𝑔𝐿𝑜𝑅𝐴

𝐴

𝐹
≥ 0

▪ Since 𝐵𝑇𝐵 −1 is PD, there exists an invertible matrix 𝑈 which satisfies

𝐵𝑇𝐵 −1 = 𝑈𝑈𝑇 by the Cholesky Decomposition. Therefore,

𝑔𝐿𝑜𝑅𝐴
𝐴 ,

1

𝑠2
𝐵𝑇𝐵 −1 𝑔𝐿𝑜𝑅𝐴

𝐴

𝐹
=

1

𝑠2
𝑔𝐿𝑜𝑅𝐴
𝐴 , 𝑈𝑈𝑇𝑔𝐿𝑜𝑅𝐴

𝐴
𝐹

=
1

𝑠2
𝑈𝑇𝑔𝐿𝑜𝑅𝐴

𝐴 , 𝑈𝑇𝑔𝐿𝑜𝑅𝐴
𝐴

𝐹

=
1

𝑠2
𝑈𝑇𝑔𝐿𝑜𝑅𝐴

𝐴
𝐹

2
≥ 0.
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▪ Part 4: 𝑔𝐿𝑜𝑅𝐴
𝐵 ,

1

𝑠2
𝐼 − 𝐵 𝐵𝑇𝐵 −1𝐵𝑇 𝑔𝐿𝑜𝑅𝐴

𝐵 𝐴𝐴𝑇 −1

𝐹
≥ 0

▪ Since 𝐴𝐴𝑇 −1 is PD and 𝐼 − 𝐵 𝐵𝑇𝐵 −1𝐵𝑇 is PSD, there exist invertible

matrices 𝑈, 𝑉, which satisfy 𝐴𝐴𝑇 −1 = 𝑈𝑇𝑈 and 𝐼 − 𝐵 𝐵𝑇𝐵 −1𝐵𝑇 =

𝑉𝑉𝑇, respectively, by the Cholesky Decomposition. Therefore,

𝑔𝐿𝑜𝑅𝐴
𝐵 ,

1

𝑠2
𝐼 − 𝐵 𝐵𝑇𝐵 −1𝐵𝑇 𝑔𝐿𝑜𝑅𝐴

𝐵 𝐴𝐴𝑇 −1

𝐹
=

1

𝑠2
𝑔𝐿𝑜𝑅𝐴
𝐴 , 𝑉𝑉𝑇𝑔𝐿𝑜𝑅𝐴

𝐴 𝑈𝑈𝑇
𝐹

=
1

𝑠2
𝑉𝑇𝑔𝐿𝑜𝑅𝐴

𝐴 𝑈,𝑉𝑇𝑔𝐿𝑜𝑅𝐴
𝐴 𝑈

𝐹

=
1

𝑠2
𝑉𝑇𝑔𝐿𝑜𝑅𝐴

𝐴 𝑈
𝐹

2
≥ 0.
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▪ Therefore, we can conclude that 𝑑𝐿 ≤ 0 when using Lora-Pro.



Q) Which one should we use for 𝑋 ∈ ℝ𝑟×𝑟?

49



A) The optimal 𝑋 can be found via Sylvester Equation.

50▪ We will skip the details of how to solve this type of Sylvester equation.
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▪ Let’s denote 𝐿 = 𝑔𝐴 − 𝑔𝐿𝑜𝑅𝐴
𝐴

𝐹

2
+ 𝑔𝐵 − 𝑔𝐿𝑜𝑅𝐴

𝐵
𝐹

2
.

▪ Then, we want to find 𝑋 which satisfies
𝜕𝐿

𝜕𝑋
= 0.

▪ Note that we’ve found from Theorem 2.1. that

▪ 𝑔𝐴 =
1

𝑠2
𝐵𝑇𝐵 −1 𝑔𝐿𝑜𝑅𝐴

𝐴 + 𝑋𝐴

▪ 𝑔𝐵 =
1

𝑠2
𝐼 − 𝐵 𝐵𝑇𝐵 −1𝐵𝑇 𝑔𝐿𝑜𝑅𝐴

𝐵 𝐴𝐴𝑇 −1 −𝐵𝑋 .

▪ Moreover, we have 𝑔𝐿𝑜𝑅𝐴
𝐴 = 𝑠𝐵𝑇𝑔 and 𝑔𝐿𝑜𝑅𝐴

𝐵 = 𝑠𝑔𝐴𝑇.
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𝐿 =
1

𝑠2
𝐵𝑇𝐵 −1𝑔𝐿𝑜𝑅𝐴

𝐴 − 𝑠𝐵𝑇𝑔 + 𝑋𝐴
𝐹

2
 

+
1

𝑠2
𝐼 − 𝐵 𝐵𝑇𝐵 −1𝐵𝑇 𝑠𝑔𝐴𝑇 𝐴𝐴𝑇 −1 − 𝑠𝑔𝐴𝑇 − 𝐵𝑋

𝐹

2

= 𝐶𝐴 + 𝑋𝐴 𝐹
2 + 𝐶𝐵 − 𝐵𝑋 𝐹

2 .

𝜕𝐿

𝜕𝑋
= 2 𝐶𝐴 + 𝑋𝐴 𝐴𝑇 − 2𝐵𝑇 𝐶𝐵 − 𝐵𝑋 = 2 𝐶𝐴𝐴

𝑇 + 𝑋𝐴𝐴𝑇 − 𝐵𝑇𝐶𝐵 + 𝐵𝑇𝐵𝑋

⇒ 𝐵𝑇𝐵𝑋 + 𝑋𝐴𝐴𝑇 = 𝐵𝑇𝐶𝐵 − 𝐶𝐴𝐴
𝑇. ∎



Summary of LoRA-Pro
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▪ Compute standard LoRA gradients 𝑔𝐿𝑜𝑅𝐴
𝐵 and 𝑔𝐿𝑜𝑅𝐴

𝐴 .

▪ Using Theorem 2.1., get the optimal 𝑔𝐵 and 𝑔𝐴 analytically.

▪ Which minimize the gap between ෤𝑔 and 𝑔.

▪ Using Theorem 2.3, find the optimal 𝑋 via Sylvester Equation.

▪ Which minimizes the gap between 𝑔𝐴, 𝑔𝐵 and 𝑔𝐿𝑜𝑅𝐴
𝐴 , 𝑔𝐿𝑜𝑅𝐴

𝐵 , respectively.

▪ Back-propagate with 𝑔𝐵 and 𝑔𝐴 to update 𝐵 and 𝐴, respectively.



1. Introduction

2. Problem Formulation

3. Method

4. Summary

Contents

54



▪ Pros

▪ High performance gain

▪With theoretical backgrounds & low computational cost

▪ Easy to implement

▪ Input: 𝑔𝐿𝑜𝑅𝐴
𝐵 and 𝑔𝐿𝑜𝑅𝐴

𝐴

▪Output: 𝑔𝐵 and 𝑔𝐴

Summary
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▪ Cons

▪ LoRA-Pro underperforms on some

tasks full fine-tuning struggles on.

▪ It aims to mimics full fine-tuning.

Summary
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Q & A
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Thank you.



Pseudo-code of LoRA-Pro with SGD
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Experiments on Natural Language Understanding (T5-Base)

60

▪ Target Modules: Q, K, V, Out, FC1, FC2

▪ 𝑟 = 8 / 𝛼 = 16 / 𝑠 =
𝛼

𝑟



Experiments on Language Generation (Llama-2-7B)

61

▪ 𝑟 = 8 / 𝛼 = 16 / 𝑠 =
𝛼

𝑟



Experiments on Image Classification (CLIP-ViT-B/16)

62

▪ 𝑟 = 8 / 𝛼 = 16

▪ LoRA adaptors are attached to the visual backbone only.



Ablation Study for the Choice of 𝑋

63



Justification for Training Costs
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